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An n-tournament T, is said to be a Kotzig tournament if the n subtournaments 
of T, of order n - 1 are isomorphic. And a nonnegative integral vector R is said to 
be potentially Kotzig if there exists some Kotzig tournament T, such that its score 
vector is R. In this paper, a criterion is found for determining whether a non- 
negative integral vector R is potentially Kotzig. 
1. INTRODUCTION 
An n-tournament T,z is a set of n vertices ul, vz,..., v, such that every pair 
(vi, v,) of distinct vertices is joined by exactly one of the oriented edges 
vi + vi or vj + vi. If vi -+ v, is in T,, then we say that vi dominates v,, The 
score of vi in T,, is the number Y, of vertices that vi dominates. The score 
vector of T,, is the ordered n-tuple R = (r 1, 2 ,..., rn), where the vertices have r 
been labelled so that r1 < r2 < ... < r’,. The set of all vertices in T, is 
denoted by V( T,). For any given v E V( T,), the (n - 1)-subtournament 
obtained by deleting the vertex v is denoted by T, - v. Let U and W be 
subsets of V( T,,); then the set of edges {u -+ v 1 u E U and v E W} is denoted 
by U dom W. Particularly, when U= {u), U dom W is written by 
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u dom W, and when W = (w}, by U dom w. The cardinal number of a set E 
is denoted by 1El. Clearly, yi= Ivi dom V( T,)/. 
The n-tournaments T,, and T,, are said to be isomorphic, denoted 
T,, E Fn’,, if there is some bijective map cp of V(T,) onto V( Fn) such that q 
is dominance-preserving, i.e., q(u) -+ q(u) if and only if u + u for any v, 
UE V(T,). In this case, the map cp is said to be an isomorphism of T, onto 
FE. An isomorphism cp of T, onto itself is called an automorphism of T,. 
The group of all automorphism of T, is denoted by Aut T,,. 
The unsolved problem 45 in Bondy and Murty [ 11 which was raised by 
A. Kotzig is as follows: Characterize the n-tournaments with the property 
that all II subtournaments T,, - v, v E I’( T,), are isomorphic. The purpose of 
this paper is to discuss this problem. For convenience, we introduce the 
following 
DEFINTION 1.1. Let T, be an n-tournament. Then T, is called a Kotzig 
tournament if for all vertices u and v in T,, the (n - 1)-subtournaments 
T,, - u and T, - v are isomorphic. 
Next, according to Rao [2], we give the following 
DEFINITION 1.2. Let R = (Y,, Ye,..., Ye) be a nonnegative integral vector, 
in which r,<r,< ..’ dr,. Then R is called potentially Kotzig if it is a 
score vector of some Kotzig n-tournament. 
In this paper, we give a criterion for determining whether a nonnegative 
integral vector R is potentially Kotzig. 
Remark. At The Second Conference of Combinatorial Mathematics 
and Graph Theory, held at Guangzhou China in May 7-13, 1985, Lin 
Yucai had given the preprint “On K-tournament,” and Li Jiongsheng and 
Huang Guoxun have written the manuscript “Kotzig Tournaments.” The 
main results in these two papers were very close, so the authous decided to 
collaborate in a jointly written paper. This paper is based on the Li and 
Huang manuscript. 
2. SOME NECESSARY CONDITIONS 
The main result given in this section is the following 
THEOREM 2.1. Let T,, be a Kotzig n-tournament with the score vector 
R = (rl, r2,..., rn), and let m be the number of distinct scores in T,,. Then 
n = mh, where h is odd, and the following three statements are true for some 
labelling of the vertices in T,,: 
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(1) the subtournament T(“’ induced by the set Vi = jvih+, 
v,h+2 ).-) V~i+l)hj. in T,, is WgUh, where i=O, 1, 2 ,..., m- 1; 
(2) for any uE Vi, 
hi-l 
2 
if O<j<i-1, 
/u dom V,\ = 
h-l 
2 
otherwise; 
(3) for any iandj, 06i6m-1, l<j<h, 
rlh+,=$(n-m)+i. 
Proof. Suppose that r(O), r(l),..., r(m - 1) are the distinct scores in T,, 
where r(O)<r(l)< ... < r(m - 1). The set of all vertices with the score r(i) 
is denoted by Vi, i= 0, 1, 2,..., m - 1. The subtournament induced by V, is 
denoted by T(j). Denote 1 V,j = hi, i= 0, 1, 2 ,..,, nz - 1. Obviously, the 
statements 1, 2, and 3 are true if m = 1, so we assume m >, 2. 
First, we prove that T(‘) is regular for every i, 0 < i < m - 1. In fact, sup- 
pose that F(U) denotes the score of u E Vi in T(‘) and f, denotes the number 
of vertices that are contained in r, - 11 and have score less than r(i). It is 
easy to see that 
f,=h,+h,+ ... +h;p,+hi-F(u)-1. 
Since T, is a Kotzig tournament, the subtournaments T,, - u and T,, - u are 
isomorphic, where U, u E I’/,. Hence f,, =f,, i.e., 7(u) = F(u), for any ~1, v E Vi. 
This shows that 7”” is regular, and h, is odd, i = 0, 1, 2 ,..., m - 1. 
Next, we prove that for any UE Vi, 
III dam VY = 
i 
;(h, + 1) if O<.j<i-1, 
;(hj _ 1) otherwise. (2.1) 
In fact, ifj= i, then from the above proof, T(‘) is regular. Hence 
lu dom Vi1 = Y(U) = $(hi- 1). 
Now assume j # i. Denote g = IU dom Vi\. Then / Vj dom ~1 = hj - g. 
Clearly, if qU denotes the number of vertices that are contained in T, - u 
and have score less than r(j), then 
qu=hO+hl + ... +hi-, +h.,-g-q, 
where E~=O if O<j<i-1 and E,= 1 if i+l <j<m-1. Since T(j) is 
regular, the score of v in T(j) is $(lz;- l), i.e., for any UE V,, 
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JZI dom V’,] = $(hj- 1). Consequently, 1 Vj dom UI = $(hj - 1). Therefore, if qU 
denotes the number of vertices that are contained in T, - tl and have score 
less than r(j), then 
i,=h,+h,+ ... +hj-I ++(h,-1). 
Since T, is a Kotzig tournament, qU = g,, i.e., hj - g - E,~ = i(/zj - 1). Thus 
g= ludom V,i =+(A,+ l)-ej. 
This shows that (2.1) is true. 
Now, we prove ho = h, = . . = h,- r. In fact, it is easy to see that 
I Vi dom Vi1 + I Vj dom Vi1 = I Vi1 I V,l = h,h,, where i < j. On the other 
hand, by (2.1), 
I Vi dom Vjl = c lu dom V,/ = $hi(hj - 1) 
UE v, 
and 
.I Vj dom Vi1 = C IU dom V,I = th,(h, + 1). 
“E v, 
Thus hi = hj. 
Let us denote by h the common value /zO = h, = . . . = h,- , Then 
y1= mh, and statements (1) and (2) are true by the above proof. 
Finally, by statement (2), for any i and j, 0 < id m - 1, 1 < j < h, 
r,h+j= Iuih+idom V(T,)I 
m-1 
= & h+, don1 VA 
=i(h+l)i++(h-l){(m-l)-(i-1)) 
= t(n - m) + i. 
Thus statement (3) is true. The proof of this theorem is completed. 
THEOREM 2.2. Let T, be a regular tournament, where n is odd. Then T,, is 
a Kotzig tournament if and only if T,, is vertex-homogenous, i.e., the action of 
the automorphism group Aut T,, on V(T,) is transitive. 
ProoJ: Let T, be vertex-homogenous. Then T,, is clearly a Kotzig tour- 
nament. 
Conversely, let T, be a Kotzig tournament. Then for any given 
U, v E V( T,), T, - u ?G T,, - v. Consequently, there is an isomorphism cp of 
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T, - u onto T,, - V. Define a map $ of T, into itself as follows: for any 
x E VT,), 
ti(x) = {;(x) if x = U, otherwise. 
Clearly, the map @ is bijective. Let x, y E V( T,, - U) and x -+ y. Then by the 
definition of ti, t,Qx)=q( x and $(v) = q(v). Since q is dominance- ) 
preserve on V(T,-u), rl/(x)-+@(v). Let x=u and x+y, where 
y E V( T, - 0). Then the score of y in T, - u is +(n - 1). Since cp is an 
isomorphism of T,, - u onto T,, - v, the score of q(y) in T, - v would be 
$(n - 1) - 1, impossible. Thus v -+ It/(y), i.e., $(x) -+ $(v). Now let 
x~V(T,-u),y=uandx~y.ThenthescoreofxinT,-uisl(n-l)-l. 
Since y, is an isomorphism of T,, - u onto T,,-- u, the score of q(x) in 
V(T,, - v) is i(n - 1) - 1, too. If v + q(x), then the score of q(x) in 
V( T, - v) would be i(n - l), impossible. Thus q(x) -+ II, i.e., $(x) + t//(y). 
This shows that the map $ of T, onto itself is dominance-preserve. In other 
words, $ E Aut T,,. Since the vertices u and v were arbitrary, the action of 
Aut T, on V(T,) is transitive. 
The proof of this theorem is completed. 
Let S= {a,, fq,..., ar} be a set of t distinct integers chosen from 1, 2,..., 2t 
with the property that cli + 01, # 2t + 1 for any ai, OL,E S. Construct a tour- 
nament T,, + 1 with the vertices vO, vi, v~,..., ozl as follows: There is an edge 
from vi to vI if and only if j- i EE czk (mod 2t + 1) for some ak E S. Clearly, 
T 21 + 1 is regular. Any tournament that is constructible in the above manner 
is called a rotation tournament and S is called the symbol of this rotation 
tournament. Alspach [3] proved that a tournament with a prime number 
of vertices is vertex-homogenous if and only if it is a rotation tournament. 
Thus, by Theorem 2.2, the following corollary is obtained immediately. 
COROLLARY 2.3. Let n be a prime number, and let T, be a regular 
tournament. Then T, is a Kotzig tournament if and only if T,, is a rotation 
tournament. 
It is well known that there are two types of tournaments, i.e., the 
reducible tournaments and the strong tournaments. Landau [4] proved 
the following result: Let R = (rl, rZ,..., r,) be a nonnegative integral vector, 
where r 1 < r2 d . ’ . d r, . Then R is the score vector of some tournament T,, 
if and only if for i = 1, 2 ,..., n, 
r,+r,+ ... +ria ’ 
0 2 ’ 
(2.2) 
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with equality for i = n. Further, Harary and Moser [S] showed that the n- 
tournament T, with the score vector R is reducible if and only if there is 
some integer k, 16 k < IZ - 1 such that 
k 
r1+ Y* + . . . + Yk = 0 2 . (2.3) 
Recall that a tournament T,, is transitive if whenever u + u and u -+ w  are 
edges of T,,, then so too is u -+ w  an edge of T,. By using the previous 
results, we can prove the following 
THEOREM 2.4. Let T,, be a reducible tournament. Then T,, is a Kotzig 
tournament if and only if T, is transitive. 
Proo$ Suppose that T, is a Kotzig tournament with the score vector 
R = (rl, r2,..., r,). By Theorem 2.1, n = mh, where m > 1 and h is odd, and 
for i = 0, 1, 2 ,..., m - 1 and j = 1, 2 ,..., h, 
But T, is reducible, thus by Harary and Moser’s result, there is some 
integer k, 1 <k d n - 1 such that (2.3) holds. Assume k = ih + j, where 
Odidm-1 and l<j<h. Then 
i-l 
r,+r?+ ... +r,= C (r,h+1+r,h+2+ ... +rC,+,),) 
s=O 
+trih+,+rih+~+ ... +rih+,) 
i- 1 
=s~o(~(n-m)+s)h+($(n-m)+i)j 
=$(n-m)ih+$(i-l)h+i(n-m)j+ij 
=f(n-m+i)k+$(i+l)j-$k. 
Therefore, 
k 
r1 +r,+ ... +r,- 0 2 = $(m - I- i)(h - 1) k + +(h - j)(k - i) = 0. 
Thus h = 1. From Theorem 2.1, it is easy to see that R = (0, 1,2 ,..., n - 1). 
In other words, T,, is transitive. 
Conversely, suppose T,, is transitive. Clearly, for any u E V(T,), the 
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(n - l)-subtournament T, - ~1 is transitive, too. Since the transitive n-tour- 
nament is unique up to isomorphism, T,, is a Kotzig tournament. 
The proof is completed. 
3. POTENTIALLY KOTZIG SCORE VECTORS 
Let r~ be a permutation on letters 1, 2,..., n. Then the n x n permutation 
matrix P, = (pV) is defined as follows: 
1 
Pq= 
if j=a(i), 
0 otherwise. 
First, we give some lemmas. 
LEMMA 3.1. Let A and B be the dominance matrices of n-tournaments T,, 
and f?,,, respectively. Then T,, and T,, are isomorphic if and only if there 
exists an n x n permutation matrix P, such that A = P,BPk, where Pk 
denotes the transpose of P,. 
Proof. This is a well-known fact. 
Let the map cp of V(T,) onto itself be bijective, and let cp(v,) = up, 
i = 1, 2,..., n, where V(T,)= {vI, v~,..., v,}. Then we can dehne a per- 
mutation CT~ on letters 1, 2 ,..., n as follows: a,(i) = fi, i= 1, 2 ,..., n. Conver- 
sely, for any given permutation r~ on letters 1, 2,..., n, we can define a map 
cp, of V(T,) onto itself as follows: cpO(oj) = u,(,), i = 1, 2,..., n. Clearly, cpO is 
bijective. 
LEMMA 3.2. Let A be the dominance matrix of T,,. If cp E Aut T,, then 
Pcq APLq = A. Conversely, if P,APL = .4, then cp, E Aut T,. 
ProoJ: Obvious. 
The following theorem is the main result of this section. 
THEOREM 3.3. Let R = (rl, r2,..., r,) be a nonnegative integral vector, 
where r,<r,< ... <r,, and let m be the number of distinct integers in 
rl, r2,..., r,. Then R is potentially Kotzig if and only if n = mh, where h is 
odd, and for any i, i = 0, 1, 2 ,..., m - 1, and any j, j = 1, 2 ,..., h, 
r,+j=$(nS-m)+i. (3.1) 
Proof. Suppose that R is potentially Kotzig. Then R is the score vector 
of some Kotzig n-tournament T,. By Theorem 2.1, n = mh, h odd, and (3.1) 
holds. 
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Conversely, suppose that n = mh, h odd, and (3.1) holds. By 
Theorem 2.4, we may assume h 3 3. 
Case 1. m= 1. In this case, n=h is odd, and 
t-l = r2 zz .’ . = Y, = 4(n - 1). Clearly, the score vector of every rotation n- 
tournament is R. By Theorem 2.2, R is potentially Kotzig, since the 
rotation tournaments are vertex-homogenous. 
Case 2. in > 2. Let h = 2k + 1, and let 0 = (1, 2 ,..., h) be the permutation 
on letters 1, 2,..., h. Take f(x) = 1 +x + . . . + xk- ‘, and A = P6j(PB). 
Clearly, A + A’ = JchJ - Ich), where Jch) is a h x h matrix with all entries 1 
and Jclt) is the identity matrix. Hence A is a dominance matrix of some h- 
tournament Th. Moreover, P, APf, = A. By Lemma 3.2, cp, E Aut T,. Hence 
T,l is vertex-homogenous, and Th is regular. Take an IZ x n matrix D as 
follows: 
D= 
m 
Obviously, D + D’ = J,,, -I(,,,. Consequently, D is a dominance matrix of 
some n-tournament T,,. It is easy to see that the score vector of T,, is R. 
Now, we prove that T,, is a Kotzig tournament. Suppose that 
VT,) = (~1, vz,..., on) and zi = (ih + 1, ih + 2,..., (i + 1) h) is the per- 
mutation on letters 1, 2,..., n, where 0 < i 6 m - 1. Denote z = zOzl . .. TM-1. 
Obviously, 
P, 0 ... 0 
P,= ;:__I. 0 . PO 0 
. . : 
0 ... 0 d, 
m 
Since P,APf,=A and P,(A+fc,,) Pk=A+I,,,, P,DP:=D. By 
Lemma 3.2, cp,EAut Tn. But (P~(z~~,,+~)=u~~+~+~, j-l:2 ,..., h-l, and 
~r(v(i+l)h)=vih+I~ Thus T,, - vill +ir E T,, - vih tJZ, where 1 < j1 # j2 < h and 
i = 0, 1, 2,..., m- 1. Next, suppose that ni=(ih+ 1, (i+ l)h+ 1) is the per- 
mutation on letters 1, 2 ,..., n, where i= 0, 1, 2 ,..., m - 2. For any given i, 
O<idm-2, denote 
b = P, DP;,. 
582b/42/3-6 
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Obviously, B is a dominance matrix of some n-tournament F,,. By 
Lemma 3.1, F,,E Tn. Denote V(T,J= (ul, Us,..., u,}. Clearly, Fn-~ih+l~ 
T,-qi+,)h+1. Assume that Df denotes the matrix which is obtained by 
deletion of row f and colume f of D. It is easy to check that d, + 1 = D, + 1. 
By Lemma 3.1, ~E-~Uih+l~T,-~Uih+l. But pn-uih+l z T,-u~~+,~~,+~, 
thus T,, - uih+ I s T, - uCi+ IJh+ 1, i= 0, 1, 2,..., m - 2. These facts imply that 
T,, is a Kotzig tournament. 
The proof of this theorem is completed. 
ACKNOWLEDGMENTS 
The authors wish to express their appreciation to the referees for their many valuable 
suggestions. 
REFERENCES 
1. J. A. BONDY AND U. S. R. MURTY, “Graph Theory with Applications,” p. 252, Macmillan, 
New York, 1976. 
2. S. B. RAO, A survey of theory of potentially P-graphic and forcibly P-graphic degree 
sequences, in “Combinatorics and Graph Theory” (S. B. Rao, Ed.), Lecture Notes in Math. 
Vol. 885, pp. 417440, Springer-Verlag, Berlin, 1981. 
3. B. ALSPACH, On point-symmetric tournaments, Cunad. Math. Bull. 13 (1970), 317-323. 
4. H. G. LANDAU, On dominance retations and structure of animal societies III. The con- 
dition for a score structure, BUN. Math. Biophys. 15 (1953), 143-148. 
5. F. HARARY AND L. MOSER, The theory of round robin tournaments, Amer. Math. Monthly 
73 (1966), 231-246. 
